Math/Phys 4530 Homework #3 Dr. S. Robinson

Fall 2011

Solutions
1. Problem #12 on page 627 of the text.

We choose our coordinate system so that the plate lies in the region 0 < z < 10, 0 < y < 30 and the temperature
u(z,y) of the plate satisfies
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with the boundary conditions
u(z,0) =0
u(z,30) = 100
u(10, ) = 100.
We decompose the problem into two simpler problems by letting u(x,y) = v(x,y) + w(z,y) where v and w
satisfy
V3 = V?w =0
with boundary conditions
v(z,0) =0
v(z,30) = 100
v(0,y) =0
v(10,y) =0
and
w(z,0) =0
w(x,30) =0
w(10,y) = 100.

Following page 622 of the text, v is a linear combination of separated solutions having the form X (z)Y (y)

where - -
[ sinkx _ [ sinhky
X(z) = { coskx and ¥ (y) = { cosh ky
for some constant & > 0. The boundary condition X (0) = X(10) = 0 gives k = nn/10 and X (z) = sin 272,
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The boundary condition Y'(0) = 0 then gives Y (y) = sinh %37, so
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and the remaining boundary condition v(z,30) = 100 gives
100 = ; ap Sin nTﬂ;)x sinh 3nm

hence, from equation (9.4) on page 366 (the coefficients of a Fourier sine series)

1 [ _ 200
ap sinh 3nm = 7/ 100sin 2 g = 5 (1 — (—=1)")
5 Jo 10

nm



and
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Separating the problem for w leads to separated solutions having the form X (z)Y (y) where

| sinhkz | sinky
X(z) = { cosh kx and ¥ (y) = { cos ky

for some constant & > 0. The boundary condition Y(0) = Y'(30) = 0 gives k = n7/30 and Y (y) = sin “7.
The boundary condition X (0) = 0 then gives X (z) = sinh 2%, so
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and the remaining boundary condition w(10,y) = 100 gives
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and again from equation (9.4) on page 366
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and

- sinh sin —=.
n sinh “5F 30 30

w(z,y) = Z 200 (1 —(=1)") . nrx . nmy

Finally, the solution to our original problem is
u(z,y) =v(z,y) + w(z,y)
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. Problem #5 on page 637 of the text.
The displacement y(x,t) of the string satisfies
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y(z,0) =
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V(z).

From equations (4.10) in Chapter 13 we know that
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Using the result of Problem #b5 from the first homework assignment
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and therefore
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. Problem #3 on page 643 of the text.
We choose coordinates so that the temperature u(r, 6, z) satisfies
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with boundary conditions

u(a,0,2z) =0
u(r,0,H) =0
u(r,0,0) = 100.

Seeking separated solutions of the form wu(r,8,z) = R(r)©(0)Z(z) and noticing that the solution must be
independent of 6 gives, by following Section 5 in Chapter 13,

ekz/a

R(r) = Jo(kr/a) and Z(2) = {

e—kz/a

Anticipating using the boundary condition at z = H we rewrite the Z solution as

2() = cosh(2(H — 2))
- sinh(£(H — z))

Q= ol

and note that Z(H) = 0 implies that the hyperbolic cosine term must vanish. From the boundary at r = a we
see
R(a) = Jo(k) =0

so k = k,, where k,, denotes the m*® (positive) zero of Jy(z). Hence,

u(r,0,z) = Z am Jo(kmr/a) sinh(%n(H —2)).
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From the orthogonality of the Bessel functions, namely, from equation (19.10) in Chapter 12,
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/ Jo(kmr/a)Jo(knr/a)r dr = a2/ Jo (k1) Jo(kpr)r dr = {
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and the remaining boundary condition
oo ) km
u(r,0,0) = 100 = E am Jo(kmr/a)sinh(— H)
a
m=1
we obtain

100/ Jo(kpr/a)r dr = Z am Sinh(%H)/ Jo(kmr/a)Jo(knr/a)r dr
0
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We can evaluate the integral on the left using equation (5.15) in Chapter 13, resulting in

2 kn 2
1002—J1(kn) = an sinh(;H)%Jf(kn)
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or
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and therefore
> 200 m
u(r,0,z) = Jo(kymr/a)sinh(— (H — z)).
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. Problem #9 on page 643 of the text.

The temperature u(z,y, z) inside and on the boundary of the cube satisfies
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u(0,y,2) = u(10,y,2) = 0
(:r()z)fu(x 10,2) =0
u(z,y,10) =
u(zx,y, )—100

Seeking solutions of the form u(z,y,z) = X (2)Y (y)Z(z) with X(0) = X(10) = Y (0) = Y (10) = Z(10) =0
leads to
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We know that the nontrivial solutions of X" = aX, X(0) = X(10) = 0 are X (z) = sin 4 for a = -7
Then

Y// Z//
v 7+a—ﬂ— constant
and we know that the nontrivial solutions of Y = —3Y, Y (0) = Y (10) = 0 are Y (y) = sin 55 for § = 1002 .So,
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and the solution that satisfies Z(10) = 0 is Z(z) = sinh({5vn? +m?(10 — z)). Hence our general solution is
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uw(z,y, 2 Z Z nmsm—sm mry sinh(llx/nQ—l—mQ(lO—z)).

From the remaining boundary condition,

u(z,y,0) = 100 = Z Z brm sin L sin mlT(l;y sinh(mv/n? + m?)
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and the orthogonality relation

10 (10
s1n—$sm@smmﬂysmmd$dy: 0, n#porm#q




we obtain

0 0100 my
100/ / sin ETY sin 10 dx dy = 25by,, sinh(mv/n? + m?)
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. Problem #15 on page 651 of the text.
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u(z,y, 2
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If u(r, 0, ¢, 1) is the temperature of the sphere (with radius a), then v(r, 0, ¢,t) defined by

’U(’/‘, 9, ¢a t) = u(r, 07 ¢a t) — 100
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with the boundary and initial conditions

satisfies

U(a7 07 ¢’ t) = 07
v(r,0,¢,0) = —100.

From the symmetry of the problem the solution cannot depend on the angle variables. Substituting a solution

of the form
v(r,0,¢,t) = R(r)T(t)

gives

or

So, for some constant A,
and

From this last equation we have

Multiplying both sides by R and integrating by parts,
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The boundary terms are zero since R(a) =0 and R'(r) is finite, so we have

Iy 72 (4= R(r))?dr
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that is, A < 0 if R is not identically zero. So, A = —K? for some K > 0 and, up to a constant factor,
T(t) = e K707,
The equation for R is now
d dR
dr dr
which, by equations (16.1)-(16.2) in Chapter 12 of the text has solutions
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o 7'_1/2J1/2(KT)
R(r) = { r=Y2Ny 5 (Kr)

Since Ny /2(Kr) is badly behaved at = 0, we take only the upper solution, use the boundary condition
R(a) =a 2], j5(Ka) =0
to obtain that Ka must be a zero of Jl/g(x) and conclude that, up to a constant factor,
R(r) =127, ja(kgr/a)

where k, denotes the ¢' positive zero of J; 5(z). Our solution then must have the form

v(r, 0,6, 8) = 172" coJy a(hgr/a)e et
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for some choice of constants ¢ . Recalling that (see equation (17.4) in Chapter 12)
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we have

from which we see

and

From the initial condition,

S0
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Zcq, /—asi ﬂ = —1007r.
Now, the Fourier sine series on [0, a] for f(r) = —1007r is
—1007r = Z by, sin — o
n=1
where 5 o 900
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and therefore
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or, returning to the original specification of the problem,
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